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Abstract
In 2013, Komatsu introduced the poly-Cauchy numbers, which generalize Cauchy
numbers. Several generalizations of poly-Cauchy numbers have been considered since
then. One particular type of generalizations is that of multiparameter-poly-Cauchy num-
bers. In this paper, we study the log-convexity of the multiparameter-poly-Cauchy num-
bers of the first kind and of the second kind. In addition, we also discuss the log-behavior
of multiparameter-poly-Cauchy numbers.
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1 Introduction
Komatsu [10], introduced two kinds of poly-Cauchy numbers c
(k)
n and ĉ
(k)
n . The first kind c
(k)
n
is given by
c(k)n =
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
(x1x2 · · · xk)ndx1dx2 · · · dxk,
and the second kind ĉ
(k)
n is given by
ĉ(k)n = (−1)
n
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
〈x1x2 · · · xk〉ndx1dx2 · · · dxk,
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where k is a positive integer, and (x)n = x(x − 1) · · · (x − n + 1 (n ≥ 1) with (x)0 = 1 and
〈x〉n = x(x+ 1) · · · (x+ n− 1) with 〈x〉0 = 1. The first few values of c
(k)
n and ĉ
(k)
n are
c
(k)
0 = 1, c
(k)
1 =
1
2k
, c
(k)
2 = −
1
2k
+
1
3k
, c
(k)
3 =
2
2k
−
3
3k
+
1
4k
, c
(k)
4 = −
6
2k
+
11
3k
−
6
4k
+
1
5k
, · · ·
ĉ
(k)
0 = 1, ĉ
(k)
1 = −
1
2k
, ĉ
(k)
2 =
1
2k
+
1
3k
, ĉ
(k)
3 = −
2
2k
−
3
3k
−
1
4k
, ĉ
(k)
4 =
6
2k
+
11
3k
+
6
4k
+
1
5k
, · · ·
Some sequences derived from denominators and numerators of poly-Cauchy numbers of the
first kind and of the second kind can be found in [16, A224094–A224101,A219247,A224102–
A224107,A224109]. When k = 1, cn = c
(1)
n and ĉn = ĉ
(1)
n are the Cauchy numbers of the
first kind and the second kind, respectively (see [3]). The basic properties of the two kinds
of the poly-Cauchy numbers are studied in [9, 10]. Several generalizations of poly-Cauchy
numbers have been considered since then. One particular type of generalizations is that of the
multiparameter-poly-Cauchy numbers ([12]). For a k-tuple of real numbers L = (l1, . . . , lk)
and a n-tuple of real numbers A = (α0, α1, . . . , αn−1), define the q-multiparameter-poly-
Cauchy polynomials of the first kind c
(k)
n,L,A,q(z) by
c
(k)
n,L,A,q(z) =
∫ l1
0
· · ·
∫ lk
0
(x1 · · · xk − α0 − z) · · · (x1 · · · xk − αn−1 − z)dqx1 · · · dqxk .
Here, Jackson’s q-integral is defined by
∫ x
0
f(t)dqt = (1− q)x
∞∑
n=0
f(qnx)qn ,
and
[x]q =
1− qx
1− q
→ x (q → 1) .
The q-multiparameter-poly-Cauchy polynomials of the first kind can be expressed explicitly
in terms of the multiparameter Stirling numbers of the first kind S1(n,m,A), defined by
(t− α0)(t− α1) · · · (t− αn−1) =
n∑
m=0
S1(n,m,A)t
m .
Namely, we have
c
(k)
n,L,A,q(z) =
n∑
m=0
S1(n,m,A)
m∑
i=0
(
m
i
)
(−z)i(l1 · · · lk)
m−i+1
[m− i+ 1]kq
([12, Theorem 1]).
When q → 1, l1 = · · · = lk = 1 and z = 0, we have
c
(k)
n,A = limq→1
c
(k)
n,(1,...,1),A,q(0) =
n∑
m=0
S1(n,m,A)
(m+ 1)k
.
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Furthermore, if A = (0, 1, . . . , n− 1), then S1(n,m) = (−1)
n−mS1(n,m,A) are the unsigned
Stirling numbers of the first kind and c
(k)
n = c
(k)
n,(0,1,...,n−1) are poly-Cauchy numbers of the
first kind.
Similarly, define the q-multiparameter-poly-Cauchy polynomials of the second kind ĉ
(k)
n,L,A,q(z)
by
ĉ
(k)
n,L,A,q(z) =
∫ l1
0
· · ·
∫ lk
0
(−x1 · · · xk − α0 + z) · · · (−x1 · · · xk − αn−1 + z)dqx1 · · · dqxk .
When q → 1, l1 = · · · = lk = 1, αi = iρ (i = 0, 1, . . . , n − 1) and z = 0, the number
ĉ
(k)
n,A is reduced to the poly-Cauchy numbers of the second kind with a parameter ρ ([11]).
Furthermore, if ρ = 1, then the number ĉ
(k)
n,A is reduced to the poly-Cauchy numbers of the
second kind ĉ
(k)
n ([10]). If k = 1, then ĉ
(1)
n = ĉn is the classical Cauchy number ([3]). The q-
multiparameter-poly-Cauchy polynomials of the second kind can be also expressed explicitly
in terms of the multiparameter Stirling numbers of the first kind as follows.
ĉ
(k)
n,L,A,q(z) =
n∑
m=0
(−1)mS1(n,m,A)
m∑
i=0
(
m
i
)
(−z)i(l1 · · · lk)
m−i+1
[m− i+ 1]kq
([12, Theorem 2]). When q → 1, l1 = · · · = lk = 1 and z = 0, we have
ĉ
(k)
n,A = limq→1
ĉ
(k)
n,(1,...,1),A,q(0) =
n∑
m=0
(−1)mS1(n,m,A)
(m+ 1)k
.
In [18], the log-convexity of Cauchy numbers of the first kind and of the second kind has
been studied. We recall some other definitions and notations used in this paper.
Let {zn}n≥0 be a sequence of positive numbers. If for all j ≥ 1, z
2
j ≤ zj−1zj+1 (respectively
z2j ≥ zj−1zj+1), the sequence {zn}n≥0 is called log-convex (respectively log-concave).
The log-behavior (log-convexity and log-concavity) are important properties of combi-
natorial sequences, and they play an important role in many subjects such as quantum
physics, white noise theory, probability, economics and mathematical biology. See for in-
stance [1, 2, 4, 5, 6, 8, 14, 15, 17].
If z0 ≤ z1 ≤ · · · ≤ zm−1 ≤ zm ≥ zm+1 ≥ · · · for some m, then {zn}n≥0 is called unimodal,
and m is called a mode of the sequence.
In this paper, we study the log-convexity of multiparameter-poly-Cauchy numbers of
the first kind and of the second kind. In addition, we also discuss the log-behavior of
multiparameter-poly-Cauchy numbers.
2 The log-convexity of poly-Cauchy numbers
In this section, we mainly discuss the log-behavior of {c
(k)
n }n≥2, {ĉ
(k)
n }n≥0, {c
(k)
n,A}n≥2, and
{ĉ
(k)
n,A}n≥0. For convenience, put
σ(k)n = (−1)
n−1c(k)n , σ
(k)
n,A = (−1)
n−1c
(k)
n,A (n ≥ 1),
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and
ω(k)n = (−1)
nĉ(k)n , ω
(k)
n,A = (−1)
nĉ
(k)
n,A (n ≥ 0).
In [18], the log-convexity of Cauchy numbers was discussed. First, we shall investigate
the log-convexity of the poly-Cauchy numbers of the two kinds.
Lemma 2.1 [13] If {yn}n≥0 is log-convex, then the Stirling transformation of the first kind
zn =
∑n
m=0[
n
m
]ym preserves the log-convexity.
Theorem 2.1 The sequences {c
(k)
n }n≥2 and {ĉ
(k)
n }n≥0 are log-convex.
Proof. We first prove the log-convexity of {σ
(k)
n }n≥2. For n ≥ 1,(
c(k)n
)2
− c
(k)
n−1c
(k)
n+1
=
[ ∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(1− x1 · · · xk) · · · (n− 1− x1 · · · xk)dx1 · · · dxk
]2
−
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(1− x1 · · · xk) · · · (n− 2− x1 · · · xk)dx1d · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(1− x1 · · · xk) · · · (n− x1 · · · xk)dx1 · · · dxk.
For 0 ≤ xj ≤ 1 (1 ≤ j ≤ k), n− 1 ≤ n− x1x2 · · · xk ≤ n. Then for n ≥ 3,(
c(k)n
)2
− c
(k)
n−1c
(k)
n+1
≤
[ ∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(1− x1 · · · xk) · · · (n− 1− x1 · · · xk)dx1 · · · dxk
]2
−
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(1− x1 · · · xk) · · · (n− 2− x1 · · · xk)dx1d · · · dxk
×(n− 1)
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(1− x1 · · · xk) · · · (n− 1− x1 · · · xk)dx1 · · · dxk
= −
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(1− x1 · · · xk) · · · (n− 1− x1 · · · xk)dx1 · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
(x1 · · · xk)
2(1− x1 · · · xk) · · · (n− 2− x1 · · · xk)dx1 · · · dxk
≤ 0.
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Hence, sequence {c
(k)
n }n≥2 is log-convex.
Recall the definition
ω(k)n =
n∑
m=0
[
n
m
]
1
(m+ 1)k
. (2.1)
It is easy to see that the sequence
{
1
(m+1)k
}
m≥0
is log-convex. By means of Lemma 2.1, we
get that the sequence {ω
(k)
n }n≥0 is log-convex.
Theorem 2.2 For the sequence {ω
(k)
n }n≥3, we have
ω(k)n <
[
n
Kn
] n∑
m=1
1
(m+ 1)k
, (2.2)
where Kn is the index of the maximal unsigned Stirling numbers of the first kind [
n
m
] for all
fixed n ≥ 3.
Proof. For the Stirling numbers of the first kind, we know that[
n
1
]
<
[
n
2
]
< · · · <
[
n
Kn − 1
]
<
[
n
Kn
]
>
[
n
Kn + 1
]
> · · · >
[
n
n
]
.
where Kn ∼
n
lnn(n→∞) (see [7]). We note that[
n
0
]
= 0, n ≥ 1,[
n
m
]
1
(m+ 1)k
<
[
n
Kn
]
1
(m+ 1)k
, 1 ≤ m ≤ n (m 6= Kn),
By applying (2.1), we obtain (2.2).
We now consider the log-convexity and unimodality of multiparameter-poly-Cauchy num-
bers of two kinds under some conditions.
Theorem 2.3 Assume that the sequence A = (0, α1, . . . , αn, . . .) satisfies that αj ≥ 1, and
αj − αj−1 ≥ 1 for j ≥ 1. The sequences {c
(k)
n,A}n≥2 and {ĉ
(k)
n,A}n≥0 are log-convex.
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Proof. Since αj ≥ 1 and αj − αj−1 ≥ 1 (j ≥ 1), for n ≥ 3 we have(
c
(k)
n,A
)2
− c
(k)
n−1,Ac
(k)
n+1,A
=
[ ∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn−1 − x1 · · · xk)dx1 · · · dxk
]2
−
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn−2 − x1 · · · xk)dx1 · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn − x1 · · · xk)dx1 · · · dxk,
= −
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
(x1 · · · xk)
2(α1 − x1 · · · xk) · · · (αn−2 − x1 · · · xk)dx1 · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn−1 − x1 · · · xk)dx1 · · · dxk
−
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn−2 − x1 · · · xk)dx1 · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn−1 − x1 · · · xk)
×(αn − αn−1 − x1 · · · xk)dx1 · · · dxk
≤ −
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
(x1 · · · xk)
2(α1 − x1 · · · xk) · · · (αn−2 − x1 · · · xk)dx1 · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn−1 − x1 · · · xk)dx1 · · · dxk
≤ 0,
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Similarly, for n ≥ 1 we have(
ĉ
(k)
n,A
)2
− ĉ
(k)
n−1,Aĉ
(k)
n+1,A
=
[ ∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(x1 · · · xk + α1) · · · (x1 · · · xk + αn−1)dx1 · · · dxk
]2
−
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(x1 · · · xk + α1) · · · (x1 · · · xk + αn−2)dx1 · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(x1 · · · xk + α1) · · · (x1 · · · xk + αn)dx1 · · · dxk
≤ −
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
(x1 · · · xk)
2(x1 · · · xk + α1) · · · (x1 · · · xk + αn−1)dx1 · · · dxk
×
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(x1 · · · xk + α1) · · · (x1 · · · xk + αn−2)dx1 · · · dxk,
≤ 0.
Hence, the sequence {c
(k)
n,A}n≥2 and {ĉ
(k)
n,A}n≥0 are log-convex.
Note that Theorem 2.3 generalizes Theorem 2.1. Clearly, Theorem 2.3 becomes Theorem
2.1 when A = (0, 1, 2, . . . , n, . . .).
Theorem 2.4 Suppose that the sequence A = (0, α1, . . . , αn, . . .) satisfies that αj ≥ 0 for
j ≥ 1. Then we have:
(i) if there exists l ≥ 3 such that αj ≥ 2 for 1 ≤ j ≤ l and αj = 1 for j ≥ l+1, then {σ
(k)
n,A}n≥1
is unimodal, and its single peak is at l + 1;
(ii) if there exists l ≥ 3 such that αj ≥ 1 for 1 ≤ j ≤ l and αj = 0 for j ≥ l + 1, then
{ω
(k)
n,A}n≥1 is unimodal, and its single peak is at l + 1.
Proof. (i) For n ≥ 1,
σ
(k)
n+1,A − σ
(k)
n,A
=
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(α1 − x1 · · · xk) · · · (αn−1 − x1 · · · xk)(αn − 1− x1 · · · xk)dx1 · · · dxk.
We can verify that σ
(k)
n+1,A − σ
(k)
n,A ≥ 0 for 1 ≤ n ≤ l and σ
(k)
n+1,A − σ
(k)
n,A ≤ 0 for n ≥ l + 1.
Hence, {σ
(k)
n,A}n≥1 is unimodal, and its single peak is at l + 1.
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(ii) For n ≥ 1,
ω
(k)
n+1,A − ω
(k)
n,A
=
∫ 1
0
· · ·
∫ 1
0︸ ︷︷ ︸
k
x1 · · · xk(x1 · · · xk + α1) · · · (x1 · · · xk + αn−1)(x1 · · · xk + αn − 1)dx1 · · · dxk.
We can verify that ω
(k)
n+1,A − ω
(k)
n,A ≥ 0 for 1 ≤ n ≤ l and ω
(k)
n+1,A − ω
(k)
n,A ≤ 0 for n ≥ l + 1.
Therefore, {ω
(k)
n,A}n≥1 is unimodal, and its single peak is at l + 1.
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